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Background	and	Mo)va)on	

Plasma	dynamics	in	the	edge	region	is	characterized	by	a	large	range	of	temporal	scales	

Inner	edge:	Adjacent	to	the	core	
o  High	temperature	and	density	
o  Mean	free	paths	comparable	to	

density/temperature	gradients	
o  Weakly	collisional	

Requires	kine+c	simula+on	with	
collision	model	

Outer	edge:	Near	tokamak	wall	
o  Low	temperature	and	density	
o  Short	mean	free	paths	compared	to	

density/temperature	gradients	
o  Strongly	collisional	

Introduces	very	small	+me	scales	 Image	source:	www.iter.org	

ITER	tokamak	
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Governing	Equa)ons	

Full-f	gyrokine)c	Vlasov	equa)on	for	each	ion	species	

4D	(2D-2V)	phase	space	

r

θ 
Electric	field	E	can	be	specified	or	computed	from	fα	
using	the	Poisson	equa2on	for	electrosta2c	poten2al	

We	consider	single-species	cases	in	this	study.	

Vlasov	 Collisions	

where	 Velocity	

Accelera2on	
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Fokker-Planck	Collision	Model	

Fokker-Planck-Rosenbluth	equa)on	

where	the	advec2ve	and	diffusive	coefficients	are	given	by		

Rosenbluth	poten)als	are	related	to	
fβ	by	the	Poisson	equa2ons	 Non-linear,	integro-differen)al	

term	

Each	evalua2on	of	the	Fokker-Planck	
term	requires	Poisson	solve	in	the	
velocity	space	
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Fokker-Planck	collision	term	
o  Conserva2ve	finite-difference	discre2za2on	on	Cartesian	velocity	grid	
o  5th	order	upwind	discre2za2on	for	the	advec2ve	terms;	4th	order	central	
discre2za2on	for	the	diffusive	terms	

o  Poisson	equa2ons	for	Rosenbluth	poten2als	discre2zed	using	2nd	order	central	
differences	(Dorf,	et	al.,	Contrib.	Plasma	Phys.,	2014)	

o  Energy-conserving	modifica2on	implemented	(Taitano,	et	al.,	J.	Comput.	Phys.,	2015)	

COGENT:	Spa)al	Discre)za)on	

Vlasov	term	
o Mapped,	mul2-block	grids	for	complex	geometries	
o  4th	order	finite-volume	discre2za2on	
o  5th	order	WENO	scheme	for	reconstruc2on	at	cell	faces	
o  Colella,	et	al.,	J.	Comput.	Phys.,	2011;	McCorquodale,	et	al.,	
J.	Comput.	Phys.,	2015	
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Time	Integra)on	

Spa2al	discre2za2on	
yields	semi-discrete	
ODE	in	)me	 Spa2ally-discre2zed	Vlasov	and	collisions	terms	

Explicit	2me	integra2on:	
Runge-Kuba	methods	

Time	step	constrained	by	eigenvalues	
(2me	scales)	of	en+re	RHS	

IMEX:	)me	step	constrained	by	eigenvalues	()me	scales)	of	s1ff	component	of	RHS	

Implicit-Explicit	(IMEX)	2me	integra2on:	
Addi2ve	Runge-Kuba	(ARK)	methods	

Implicit	 Explicit	
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Temporal	Scales	at	Tokamak	Edge	

Reference:	Porter,	et	al.,	Physics	of	Plasmas,	2000	

Tokamak	edge	density	and	temperature		
Eigenvalues	()me	
scales)	of	the	en2re	RHS,	
and	the	Vlasov	and	
collision	terms	
separately	

Hot	core	
N = 1e20 m-3, 
T = 500 eV 

Cold	edge	N = 1e19 m-3, T = 20eV  At	the	cold	edge	

		

Jacobians	computed	using	
finite-differences	on	a	very	
small	grid	
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Temporal	Scales	at	Tokamak	Edge	

Reference:	Porter,	et	al.,	Physics	of	Plasmas,	2000	

Tokamak	edge	density	and	temperature		
Eigenvalues	()me	
scales)	of	the	en2re	RHS,	
and	the	Vlasov	and	
collision	terms	
separately	

Hot	core	
N = 1e20 m-3, 
T = 500 eV 

Cold	edge	N = 1e19 m-3, T = 20eV  At	the	cold	edge	

		

Jacobians	computed	using	
finite-differences	on	a	very	
small	grid	

Hot	core	
N = 1e20 m-3, 
T = 500 eV 

Cold	edge	N = 1e19 m-3, T = 20eV  
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Implicit-Explicit	(IMEX)	Time	Integra)on	

High-order,	conserva2ve	mul2stage	Addi1ve	Runge-Ku=a	(ARK)	methods	

Explicit	method	
for	non-s)ff	
component	
(Explicit	RK)	

Implicit	method	
for	s)ff	
component	
(ESDIRK)	

s	à	number	of	stages	

Stage	solu2ons	

Step	comple2on	

Time	step:	tn	à	tn+1 = tn + Δt 

ARK2	
o  2nd	order,	3	stage	
o  Giraldo,	et	al.,	SIAM	J.	

Sci.	Comput.,	2013	

ARK3	
o  3rd	order,	4	stage	
o  Kennedy	&	Carpenter,	J.	

Comput.	Phys.,	2003	

ARK4	
o  4th	order,	6	stage	
o  Kennedy	&	Carpenter,	J.	

Comput.	Phys.,	2003	
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Implicit	Stage	Solu)on	

Implicit	stages	require	the	solu2on	to	a	nonlinear	system	of	equa1ons	

where	

Jacobian-free	Newton-Krylov	method	(Knoll	&	Keyes,	J.	Comput.	Phys.,	2004):	

Ini2al	guess:	

Newton	update:	

GMRES	solver:	

Ac2on	of	the	Jacobian	on	a	vector	
approximated	by	direc2onal	deriva2ve	
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Precondi)oning	

Exact	Jacobian	
(never	assembled)	

Precondi2oner	
(sparse	matrix)	

≈ 

o  Use	lower	order	finite	differences	to	construct	
the	precondi2oning	matrix	

o  More	sparse	than	the	actual	Jacobian	
o  Assembled	and	stored	as	a	sparse	matrix	

o  5th	order	upwind	for	advec2ve	terms	
o  4th	order	central	for	diffusion	terms	

o  1st	order	upwind	for	advec2ve	terms	
o  2nd	order	central	for	diffusion	terms	

Results	in	a	9-banded	matrix	

Eigenvalues	of	the	Jacobian	of	the	actual	collisions	
term	and	the	approxima2on	for	precondi2oning	

The	precondi2oner	is	inverted	using	the	Gauss-
Seidel	method	(computa2onally	inexpensive)	
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Test	Problem:	Ion	Parallel	Heat	Transport	

Periodic	

Periodic	

1 unit 

1 
un

it 

A	2D	slab	(in	configura2on	space),	representa1ve	of	cold	edge	

n = 1020 m-3 
T = 20 eV  Highly	

collisional	
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Transport	)me	scale	
o  Temperature	equilibrates	to	

constant	value	
o  Density	assumes	cosine	shape	to	

balance	electrosta2c	poten2al	

Collisional	)me	scale	
o  Heat	flux	abains	values	consistent	

with	temperature	gradient	



LLNL-PRES-725174 
13	

1e-12

1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

1e-04

1e-03

0.1 1.0 10.0

 0.01  0.1  1

L
2
 n

o
rm

 o
f 

e
rr

o
r 

||
ε
||

2

Collisional CFL

Vlasov CFL

RK2a

RK3

RK4

ARK2

ARK3

ARK4

Performance	of	IMEX	Time	Integrators	

Explicit	
stability	
limit	 IMEX	

stability	
limit	

1e-12

1e-11

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

1e-04

1e-03

100 1000 10000

L
2
 n

o
rm

 o
f 

e
rr

o
r 

||
ε
||

2

Number of RHS function calls

RK2a

RK3

RK4

ARK2

ARK3

ARK4

Count	of	2me	integrator	
calls	and	Newton	and	
GMRES	itera2ons	

o  Problem	setup:	
•  Grid	size:	6 (x) × 64 (y) × 36 (v||) × 24 (µ) 
•  Reference	solu2on	computed	with	RK4	using	very	

low	Δt 
o  IMEX	methods	achieve	theore2cal	orders	of	convergence	

o  Fastest	stable	solu1on:	IMEX	schemes	are		4x	(ARK4)	to	
10x	(ARK2)	faster	with	25x	larger	2me	steps.	 
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Effect	of	Precondi)oner	

Vlasov 
CFL 

Collision 
CFL Number of Function Calls* Wall time (seconds) 

No PC With PC Ratio No PC With PC Ratio 

0.04 0.5 2164 2067 0.96 711.33 719.1 1.01 

0.11 1.2 991 879 0.89 321.5 307.9 0.96 

0.22 2.4 586 457 0.78 190.5 161.2 0.85 

0.55 6.0 355 211 0.59 123.1 75.5 0.61 

1.10 12.0 190 95 0.50 63.3 35.1 0.55 

*	Number	of	func2on	calls	=	Calls	from	2me	integrator	(2me	steps	×	stages)	+	number	of	Newton	itera2ons	+	number	of	GMRES	
itera2ons	

Computa)onal	cost	of	ARK4	with	and	without	precondi)oner	
Gauss-Seidel	solver	with	80	itera+ons 

o  Precondi2oner	results	in	significant	speed-up	
o  Overhead	of	assembling	and	inver2ng	the	precondi2oning	matrix	is	rela2vely	small 
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o  IMEX	approach	for	highly-collisional	tokamak	edge	plasma	

ü  Collisions	integrated	in	2me	implicitly	while	Vlasov	term	integrated	in	2me	
explicitly	

ü  Wall	2me	for	fastest	stable	solu2on	significantly	reduced	

ü  Low	 order	 precondi2oning	 results	 in	 lower	 computa2onal	 cost	 at	 high	
collision	CFL	numbers	

o  Future	work	

•  More	efficient	solver	for	inver2ng	the	precondi2oning	matrix	(Gauss-Seidel	
needs	80	itera2ons!)	

•  Implement	 IMEX	 for	other	 fast	 scales	 (electrosta+c	Alfven	waves,	parallel	
electron	transport,	ion	acous+c	modes,	parallel	ion	transport)	

Conclusions	and	Future	Work	



Thank you. 
Questions? 


