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Linear inverse problem

d = As + ε ε ∼ N (0,R)

where
d : observations or measurements
s : desired parameters
A : ill-conditioned matrix models forward process
ε : additive Gaussian noise,R diagonal

• Goal: Given d andA, compute approximation of s
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Ill-posed inverse problems
A problem is ill-posed if the solution
• does not exist,
• is not unique, or
• does not depend continuously on the data.
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Bayesian approach
Assume

s ∼ N (µ, λ−2Q)

Using Bayes’ rule, the posterior distribution
p(s|d) ∝ p(d|s)p(s)

= exp

(
−1

2
‖As− d‖2R−1 −

λ2

2
‖s− µ‖2Q−1

)

where ‖x‖M =
√
x>Mx

MAP Estimate
sλ = arg min

s

1

2
‖As− d‖2R−1 +

λ2

2
‖s− µ‖2Q−1
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Overview of contributions
MAP Estimate

sλ = arg min
s

1

2
‖As− d‖2R−1 +

λ2

2
‖s− µ‖2Q−1

= arg min
s

1

2
‖LR(As− d)‖22 +

λ2

2
‖LQ(s− µ)‖22

whereQ−1 = L>QLQ andR−1 = L>RLR

• Flexibility: Matérn class of covariance kernels
• Efficient solvers: AvoidQ−1,LQ, and L−1Q

• Automatic: choice of λ and stopping criteria
• Equivalence: “project-then-regularize” vs. “regularize-then-project”on prior-conditioned problem
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Matérn covariance family
Gaussian prior: s ∼ N (µ, λ−2Q)

Qij = κ(xi,xj), xi ∈ Rd

Matérn class of covariance kernels (isotropic):

κ(r) =
1

2ν−1Γ(ν)

(√
2ναr

)ν
Kν

(√
2ναr

)
, r = ‖xi − xj‖2

Examples: Exponential kernel (ν = 1/2), Gaussian kernel (ν =∞)
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Fast covariance evaluations1
s ∼ N (µ, λ−2Q)

• Covariance matrices are dense - expensive to store and compute
• e.g., a dense 106 × 106 matrix requires 7.45 TB in storage

Available approaches for evaluatingQx

• FFT based methods
• Hierarchical Matrices, a.k.a. fast multipole method

Compared to the naive O(n2)

Storage cost: O(n log n) Matvec cost: O(n log n)

1 Saibaba et al. (2012)., Ambikasaran et al. (2013), Nowak et al (2003)Chung and Saibaba 8/23



Computing MAP estimates
Normal equations

(A>R−1A + λ2Q−1)s = A>R−1d + λ2Q−1µ

Transformation to standard form / priorconditioning 2

x ← LQ(s− µ), b ← d−Aµ

min
x

1

2
‖LR(AL−1Q x− b)‖22 +

λ2

2
‖x‖22

2 Calvetti and Somersalo (2005), Calvetti (2007), Arridge, Betcke, and Harhanen (2014).Chung and Saibaba 9/23



Change of variables
We make a change of variables

x ←Q−1(s− µ)

b ← d−Aµ

and get
(A>R−1AQ + λ2I)x = A>R−1b

Equivalent transformed problem
MAP estimate:

sλ = µ + Qxλ where
xλ = arg min

x

1

2
‖AQx− b‖2R−1 +

λ2

2
‖x‖2Q (1)

Chung and Saibaba 10/23



Outline

Bayesian inverse problemsModeling Gaussian priorsComputing MAP estimates

Generalized Golub-Kahan hybrid approachSome theory and connections

Numerical results

Conclusions

Chung and Saibaba 11/23



Generalized Golub-Kahan (gen-GK)3
GivenA,b,R,Q, initialize β1 = ‖b‖R−1 , then at the kth iteration,

Uk+1β1e1 = b

AQVk = Uk+1Bk

A>R−1Uk+1 = VkB
>
k + αk+1vk+1e

>
k+1

with
U>k+1R

−1Uk+1 = Ik+1 V>k QVk = Ik

Krylov subspace
Sk ≡ Span{Vk} = Kk(A>R−1AQ,A>R−1b),

where
Kk(C,g) ≡ Span{g,Cg, .. . . . ,Ck−1g}.

3 Similar to Benbow (1999), Arioli (2013), Arioli & Orban (2013).Chung and Saibaba 12/23



Generalized LSQR to solve (1)
Basic idea: Search for solutions xk = Vkzk ∈ Sk

gen-LSQR subproblem
min

xk∈Sk

1

2
‖AQxk − b‖2R−1 +

λ2

2
‖xk‖2Q

m

min
zk∈Rk

1

2
‖Bkzk − β1e1‖22 +

λ2

2
‖zk‖22

Observations:
• Efficient regularization parameter selection for projectedproblem
• Singular values of Bk approximate singular values of

Â ≡ LRAL−1Q
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Illustration
σi(Â) - singular values of Â = LRAL−1Q

σi(Bk) - singular values of Bk
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Generalized hybrid (gen-HyBR) method
• Use gen-GK to project problem
• Choose λ with standard methods 4

min
zk∈Rk

1

2
‖Bkzk − β1e1‖22 +

λ2

2
‖zk‖22

• Undo change of variables
ŝk = µ + Qxk = µ + QVkzk

• Overcome semi-convergence and automatic stopping criteria
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4 Discrepancy principle (DP), Generalized cross-validation (GCV), Unbiased predictive-risk estimate (UPRE), etc.Chung and Saibaba 15/23



Equivalence results
gen-LSQR iterates
• equivalent to k CG iterations with 〈, 〉Q inner products
• can be interpreted as filtered GSVD solutions

Theorem
Fix λ ≥ 0 and let zk = arg minz ‖Bkz− β1e1‖22 + λ2‖z‖22. Then the k-thiterate of gen-HyBR,

µ + QVkzk

is equivalent to µ + L−1Q wk, wherewk is the k-th iterate of LSQR onpriorconditioned Tikhonov problem
min
w

∥∥∥∥(LRAL−1Q

λI

)
w −

(
LRb
0

)∥∥∥∥2
2
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Application: Super-resolution imaging

• Given low-resolution images, approximate high-resolution image b1...
bK


︸ ︷︷ ︸

b

=

 A1...
AK


︸ ︷︷ ︸

A

s +

 ε1...
εK


︸ ︷︷ ︸

ε

• R = I, µ = 0, 2% noise
• LSQR and HyBR-opt useQ = I

• gen-LSQR and gen-HyBR-opt useQ with ν = 1/2, α = 7× 10−3

Chung and Saibaba 18/23



Numerical Results
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Different covariance kernels
• gen-HyBR-1:
ν = 1/2

α = 7× 10−3

• gen-HyBr-2:
ν = 1/2

α = 3× 10−3

• gen-HyBr-3:
ν =∞
α = 7× 10−3

10 20 30 40 50 60 70 80 90 100
iterations

0.19

0.2

0.21

0.22

0.23

0.24

0.25

0.26

0.27

0.28

re
la

ti
v

e
 e

rr
o

r

HyBR
gen-HyBR 1
gen-HyBR 2
gen-HyBR 3

HyBR gen-HyBR 1 gen-HyBR 2 gen-HyBR 3

Chung and Saibaba 20/23



Application: Seismic tomography
d = As + ε

• Given observed travel times, d• Approximate slowness in the medium, s
True field
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Conclusions and outlook
• Developed hybrid method for large Bayesian inverse problems5

• Flexible: Matérn covariance family offers a rich class ofpriors, black box use
• Efficient: AvoidQ−1 and LQ

• Automatic: Hybrid methods allow automatic regularizationparameter selection and stopping criteria
• Robust: Equivalence results

• Ongoing work
• Use gen-GK bidiagonalization to compute uncertaintyestimates (e.g., posterior variances and samples)
• Exploit separability in covariance matrixQ

Thank you!

5 Chung and Saibaba. “Generalized Hybrid Iterative Methods for Large-Scale Bayesian Inverse Problems.” To appear in SISC, 2017.Chung and Saibaba 23/23
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