Section 7.2 Addition and Subtraction Formulas

Addition and Subtraction Formulas

Formulas for sine: sin(s + t) = sin s cos f + cos s sin

sin(s — ) = sinscost — cos s sin f

Formulas for cosine: cos(s + 1) = cos s cost — sin s sin 7

cos(s — 1) = cos s cost + sin s sin ¢

tan s + tan ¢

Formulas for tangent: tan(s + 1) =
I —tanstant
tan § — tan ¢

tan(s — 1) =

1 +tanstant

EXAMPLE: Find the exact value of each expression.

(a) cos 75° (b) cos 17T—2

Solution:

(a) Notice that 75° = 45° + 30°. Since we know the exact values of sine and cosine at45° and
30°, we use the addition formula for cosine to get

cos 75° = cos(45° + 30°)

= cos 45° cos 30° — sin 45° sin 30°

2 2 2 2 4 4

(b) Since S

D % — %, the subtraction formula for cosine gives

™ B <7T 7T)
COS 12 = COS 1 6

™ ™ . T . T
= COS — COS — + s1n — Sin —

4 6 4 6
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EXAMPLE: Find the exact value of sin 15°.



EXAMPLE: Find the exact value of sin 15°.

Solution: Notice that 15° = 45° — 30°. Since we know the exact values of sine and cosine at45°
and 30°, we use the addition formula for sine to get

sin 15° = sin(45° — 30°)
= sin 45° cos 30° — cos 45° sin 30°

V2 VB V21 VRVE-V2 VB8
22 2 2 4 N 4

EXAMPLE: Find the exact value of the expression sin 20° cos 40° 4+ cos 20° sin 40°.

Solution: We recognize the expression as the right-hand side of the addition formula for sine
with s = 20° and t = 40°. So we have

V3

sin 20° cos 40° + cos 20° sin 40° = sin(20° + 40°) = sin 60° = 5

EXAMPLE: Find the exact value of the expression cos 10° sin 20° 4 sin 10° cos 20°.

Solution: We recognize the expression as the right-hand side of the addition formula for sine
with s = 10° and ¢ = 20°. So we have

1
cos 10° sin 20° + sin 10° cos 20° = sin 10° cos 20° + cos 10° sin 20° = sin(10° + 20°) = sin 30° = 3

EXAMPLE: Find the exact value of the expression cos 10° cos 20° — sin 10° sin 20°.

Solution: We recognize the expression as the right-hand side of the addition formula for cosine
with s = 10° and ¢t = 20°. So we have

3
cos 10° cos 20° — sin 10° sin 20° = cos(10° + 20°) = cos 30° = %

EXAMPLE: Find the exact value of the expression sin 87° sin 27° 4 cos 87° cos 27°.

Solution: We recognize the expression as the right-hand side of the subtraction formula for
cosine with s = 87° and ¢ = 27°. So we have

1
sin 877 sin 27° 4 cos 87° cos 27° = cos 87° cos 27° + sin 87° sin 27° = cos(87° — 27°) = cos60° = 3

EXAMPLE: Prove the following identities

(a) cos (g — a:') =sinz and cos (g + a:‘) = —sinzx

(b) sin (g + x) =cosz



EXAMPLE: Prove the following identities

(a) cos (g — m) =sinz and cos <g + x) = —sinxw

m .
(b) cos (93 - §> =sinz
(c) sin <— — x) cosz and sin (g + x) = cosx

(d) sm( —g) = —cosz

Solution:
(a) We have
T T Lo ) .
cos<§—:v>:cosgcos:v—l—smasmx:O~cosx+1-sm.r:smx
and
T T Lo ) .
cos (§+:L‘) :COS§COS$—SIH§SIHZ’:O-COSl’—1-SH1$=—SHI£L’
In short,

cos(%j:x):cosgcostFsingsinx:0-cos:cIF1~sin:U:$sinx
(b) Since cosine is an even function, we have
(r=3) =eos(= (5= )) oy - o) =
cos|(x——=)=cos(—(=—x))=cos(=—x)=sinz
2 2 2
(c) We have

. ™ . T ™ . .
sin <§j:x> 281n§cosm:|:(:os§smx: l-cosx+=0-sinx = cosx

(d) Since sine is an odd function, we have

n(r=g) = (-G ) = (G ) -
Sin{x 5 = Sin 5 X = sin 5 T = COS T
VA
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Sums of Sines and Cosines

It A and B are real numbers, then
Asinx + Bcosx = ksin(x + ¢)
where k = VA? + B?and ¢ satisfies

A B
CoSh = —F—— and

singp = ——

EXAMPLE: Express 3sinz + 4 cosz in the form ksin(x + ¢).

Solution: By the preceding theorem,

k=vVA2+B2=V324+42=125=5

4 3
The angle ¢ has the property that sin¢ = R and cos¢ = £ Using a calculator, we find

¢ ~ 53.1°. Thus
3sinx +4cosz ~ 5sin(z + 53.1°)



